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Virtual substitution

m Is an existential quantifier elimination procedure:
Ixg.. 3xg = Ixqe.. . 3xo1Y,
where ', 1’ quantifier free and 3x;....3x,.¢" = Ixq.... Ixp_1.90".
m Restricted in the degree of the variable to eliminate:

p(x) ~ 0 constraint of ¢ = degree of x in p(x) must be < 2.
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Virtual substitution

m Is an existential quantifier elimination procedure:
Ixg.. 3xg = Ixqe.. . 3xo1Y,
where ', 1’ quantifier free and 3x;....3x,.¢" = Ixq.... Ixp_1.90".
m Restricted in the degree of the variable to eliminate:
p(x) ~ 0 constraint of ¢ = degree of x in p(x) must be < 2.

Virtual substitution

Virtual substitution constructs a finite set T C R of test candidates with

Ixg....3xp. ¢ = Ixg... . Ixpog. \/ o'[t]/x].
teT
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Construction of the set of test candidates T

g(x):=ax?>+ bx+c

Satisfiability Checking — Prof. Dr. Erika Abraham (RWTH Aachen University) WS 19/20 4 /17



Construction of the set of test candidates T

Given: A constraint p~0, p=ax’>+bx+c, ~€{=<,> <> #}

Goal: Find out whether there is a satisfying solution (and return a solution or an
explanation for unsatisfiability)
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Construction of the set of test candidates T

Given: A constraint p~0, p=ax’>+bx+c, ~€{=<,> <> #}

Goal: Find out whether there is a satisfying solution (and return a solution or an
explanation for unsatisfiability)

If p is constant (a = b = 0) or if it has no zeros at all then
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Construction of the set of test candidates T

Given: A constraint p~0, p=ax’>+bx+c, ~€{=<,> <> #}

Goal: Find out whether there is a satisfying solution (and return a solution or an
explanation for unsatisfiability)

If p is constant (a = b = 0) or if it has no zeros at all then p is sign-invariant over its
whole domain, thus testing an arbitrary point is sufficient.
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Construction of the set of test candidates T

Given: A constraint p~0, p=ax’>+bx+c, ~€{=<,> <> #}
Goal: Find out whether there is a satisfying solution (and return a solution or an

explanation for unsatisfiability)

If p is constant (a = b = 0) or if it has no zeros at all then p is sign-invariant over its
whole domain, thus testing an arbitrary point is sufficient.

Otherwise, the finite endpoints of p's sign-invariant regions are the zeros of p:

Linear in x : x():—% Jif a=0 A b#0
— \/ b2 —

Quadratic in x, first solution: X1 = W Jif a#0 A b2 —4ac>0
/P2 _

Quadratic in x, second solution: xx = % Jif a#0 A b2 —4ac>0
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Construction of the set of test candidates T

Given: A constraint p~0, p=ax’>+bx+c, ~€{=<,> <> #}

Goal: Find out whether there is a satisfying solution (and return a solution or an
explanation for unsatisfiability)

If p is constant (a = b = 0) or if it has no zeros at all then p is sign-invariant over its
whole domain, thus testing an arbitrary point is sufficient.

Otherwise, the finite endpoints of p's sign-invariant regions are the zeros of p:

Linear in x : X0 = ,if a=0 A b#0

Cc
)
. . _bir/p2— .
Quadratic in x, first solution: X1 = W Jif a#0 A b2 —4ac>0

/b2 )
b b?—4ac if
a

Quadratic in x, second solution: xx = 5

a#0 A b?>—4ac>0

Possible solution intervals for x in p ~ 0:

constraints ‘ possible solution intervals (0 </, j <2, i # j)
p=0
p<0 p>0 p#0
p<0 p=0
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Construction of the set of test candidates T

Given: A constraint p~0, p=ax’>+bx+c, ~€{=<,> <> #}

Goal: Find out whether there is a satisfying solution (and return a solution or an
explanation for unsatisfiability)

If p is constant (a = b = 0) or if it has no zeros at all then p is sign-invariant over its
whole domain, thus testing an arbitrary point is sufficient.

Otherwise, the finite endpoints of p's sign-invariant regions are the zeros of p:

Linear in x : xoz—% Jif a=0 A b#0
. . _bir/p2— .
Quadratic in x, first solution: X1 = W Jif a#0 A b2 —4ac>0
/P2 _
Quadratic in x, second solution: xx = % Jif a#0 A b2 —4ac>0

Possible solution intervals for x in p ~ 0:

constraints ‘ possible solution intervals (0 </, j <2, i # j)
p=0 [xi, xi] (—o0, o)
p<0 p>0 p#0
p<0 p=>0
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Construction of the set of test candidates T

Given: A constraint p~0, p=ax’>+bx+c, ~€{=<,> <> #}

Goal: Find out whether there is a satisfying solution (and return a solution or an
explanation for unsatisfiability)

If p is constant (a = b = 0) or if it has no zeros at all then p is sign-invariant over its
whole domain, thus testing an arbitrary point is sufficient.

Otherwise, the finite endpoints of p's sign-invariant regions are the zeros of p:

Linear in x : xoz—% Jif a=0 A b#0
. . _bir/p2— .
Quadratic in x, first solution: X1 = W Jif a#0 A b2 —4ac>0
/P2 _
Quadratic in x, second solution: xx = % Jif a#0 A b2 —4ac>0

Possible solution intervals for x in p ~ 0:

constraints ‘ possible solution intervals (0 </, j <2, i # j)
p=0 [xi, xi] (—o0, o)
p<0 p>0 p#0 (7007 Xi) (Xi7 XJ) (Xi7 OO) —0o0, OO)
p<0 p=>0
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Construction of the set of test candidates T

Given: A constraint p~0, p=ax’>+bx+c, ~€{=<,> <> #}

Goal: Find out whether there is a satisfying solution (and return a solution or an
explanation for unsatisfiability)

If p is constant (a = b = 0) or if it has no zeros at all then p is sign-invariant over its
whole domain, thus testing an arbitrary point is sufficient.

Otherwise, the finite endpoints of p's sign-invariant regions are the zeros of p:

Linear in x : xoz—% Jif a=0 A b#0
. . _bir/p2— .
Quadratic in x, first solution: X1 = W Jif a#0 A b2 —4ac>0
/P2 _
Quadratic in x, second solution: xx = % Jif a#0 A b2 —4ac>0

Possible solution intervals for x in p ~ 0:

constraints ‘ possible solution intervals (0 </, j <2, i # j)
p=0 [xi, xi] (—o0, o)
p<0 p>0 p#0 (7007 Xi) (X"7 XJ) (Xl'v OO) —00, OO)
p<0 p=>0 (_007 Xi] [va Xf] [Xi7 XJ] [Xi7 OO) (_007 OO)
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Construction of the set of test candidates T

Assume now a set of polynomial QFNRA constraints.

m Q: What are possible common solution intervals?
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Construction of the set of test candidates T

Assume now a set of polynomial QFNRA constraints.
m Q: What are possible common solution intervals?

m A: The pairwise intersections of their individual solution intervals.
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Construction of the set of test candidates T

Assume now a set of polynomial QFNRA constraints.
m Q: What are possible common solution intervals?
m A: The pairwise intersections of their individual solution intervals.

m The finite endpoints of intersections are
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Construction of the set of test candidates T

Assume now a set of polynomial QFNRA constraints.
m Q: What are possible common solution intervals?
m A: The pairwise intersections of their individual solution intervals.

m The finite endpoints of intersections are finite endpoints of the
intersected intervals.
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Construction of the set of test candidates T

Assume now a set of polynomial QFNRA constraints.
m Q: What are possible common solution intervals?
m A: The pairwise intersections of their individual solution intervals.

m The finite endpoints of intersections are finite endpoints of the
intersected intervals.

m We do not know the concrete endpoints of the intersections (because
they are in general symbolic), but we can represent each candidate
solution interval by its left-most point.
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Construction of the set of test candidates T

Assume now a set of polynomial QFNRA constraints.
m Q: What are possible common solution intervals?
m A: The pairwise intersections of their individual solution intervals.

m The finite endpoints of intersections are finite endpoints of the
intersected intervals.

m We do not know the concrete endpoints of the intersections (because
they are in general symbolic), but we can represent each candidate
solution interval by its left-most point.

For each constraint p ~ 0 we add the following test candidates:

p=0, p<0, p>0: 1. Zeros of the polynomial p
—o0 (a “sufficiently small” value)

Zeros of the polynomial p plus an infinitesimal ¢
—00

p<0, p>0, p#0:

NN

Example: xy +1 <0
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Construction of the set of test candidates T

Assume now a set of polynomial QFNRA constraints.
m Q: What are possible common solution intervals?
m A: The pairwise intersections of their individual solution intervals.

m The finite endpoints of intersections are finite endpoints of the
intersected intervals.

m We do not know the concrete endpoints of the intersections (because
they are in general symbolic), but we can represent each candidate
solution interval by its left-most point.

For each constraint p ~ 0 we add the following test candidates:

p=0, p<0, p>0: 1. Zeros of the polynomial p
2. —oo (a “sufficiently small” value)

p<0, p>0, p#0: 1. Zeros of the polynomial p plus an infinitesimal ¢
2. —00
Example: xy +1<0 — 1. —%+eify7é0 2. —o0
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Construction of the set of test candidates T

Example: ¢ ==y -x*+2z-x>0
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Construction of the set of test candidates T

Example: ¢ ==y -x*+2z-x>0

m The possible solution intervals for x are:
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Construction of the set of test candidates T

Example: ¢ ==y -x*+2z-x>0

m The possible solution intervals for x are:

Case ‘ Solution interval ‘ Side condition
Constant | (—o0, o) y=z=0
Linear (=00, 0] or [0, c0) y=0Az#0
Quadratic | (—oo, 0] or [0, c0) y#A0AZ2>0
Quadratic | (—oo, —£]or [-Z, 00) | y #0AZ* >0
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Construction of the set of test candidates T

Example: ¢ ==y -x*+2z-x>0

m The possible solution intervals for x are:

Case ‘ Solution interval ‘ Side condition
Constant | (—o0, o) y=z=0
Linear (=00, 0] or [0, c0) y=0Az#0
Quadratic | (—oo, 0] or [0, c0) y#A0AZ2>0
Quadratic | (—oo, —£]or [-Z, 00) | y #0AZ* >0

m The test candidates are:

Test candidate ‘ Side condition

—00 none
0 y=0Az#0
0 y#0AZ2>0
75 y#0AZ2>0
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Construction of the set of test candidates T

Example: ¢ ==y -x*+2z-x>0

m The possible solution intervals for x are:

Case ‘ Solution interval ‘ Side condition
Constant | (—o0, o) y=z=0
Linear (=00, 0] or [0, c0) y=0Az#0
Quadratic | (—oo, 0] or [0, c0) y#A0AZ2>0
Quadratic | (—oo, —£]or [-Z, 00) | y #0AZ* >0

m The test candidates are:

Test candidate ‘ Side condition

—00 none

0 y=0Az#0

0 y#0AZ2>0

75 y#0AZ2>0
Ix.p & p[—oo//x] \Y%

(0l0//x]  Aly=0Az#0)) v
(elo//x] Ay #0AZ2>0)) v
(Pl=2//x] Aly #0A2*>0)
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Virtual substitution: Example

e=((xy—1=0 V y—x>0) A y?2-1<0)

Eliminate y: Test candidates:
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Virtual substitution: Example

e=((xy—1=0 V y—x>0) A y?2-1<0)

Eliminate y: Test candidates:
1. —x (from all constraints)
2. 1 ifx#0 (fromxy—1=0)
3. x (fromy — x =0)
4. 1+e (from y? —1 < 0)
5. —1+e€ (from y? — 1 < 0)
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Virtual substitution: Example

e=((xy—1=0 V y—x>0) A y?2-1<0)

Eliminate y: Test candidates:
1. —x (from all constraints)
2. 1 ifx#0 (fromxy—1=0)
3. x (fromy — x =0)
4. 1+e¢ (from y?> — 1 < 0)
5. —1+¢ (from y?> — 1 < 0)
IxJy.p ¢ Ix. (p[-o0//y]) v
(pl%//¥] Ax#0) v
(¢lx//¥]) v
(e[l +€//y]) v
(el-1+¢€//y])
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Substituting test candidates T

Example: Jy3x. (y=0V y?+1<0) A x—3<0 A xy+1<0

eliminate x
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Substituting test candidates T

Example: Jy3x. (y=0V y?+1<0) A x—3<0 A xy+1<0

Test candidates

eliminate x 1
\

(y=0V y2+1<0) A x—3<0 A Xy+1<0)[foo//x]/\l

Jy.
v ((y=0V y24+1<0) A x—3<0 A xy+1<0)3/5

V(y#0 A ((r=0V y24+1<0) A x=3<0 A xy+1<0)[~1+¢//x]

Side condition

9 /17
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Substituting test candidates T

Example: Jy3x. (y=0V y?+1<0) A x—3<0 A xy+1<0

Test candidates

eliminate x 1
\

(y=0V y2+1<0) A x—3<0 A Xy+1<0)[foo//x]/\l

Jy.
v ((y=0V y24+1<0) A x—3<0 A xy+1<0)3/5

V(y#0 A ((r=0V y24+1<0) A x=3<0 A xy+1<0)[~1+¢//x]

eliminate y

Side condition

9 /17
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Substitution of a variable by a test candidate in a constraint

m Standard substitution — expressions with €, oo, v or division.

m Virtual substitution defines rules, which give an equivalent FO
sentence over (R, +,-,0,1, <) to the expression resulting by the above
standard substitution.

m The substitution rules distinguish between

m the constraint’s relation symbol
m the test candidate’s type (—o0, ¢, contains /)
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Substitution of a variable by a test candidate in a constraint

Example:  (g(x) = 0)[ 1Yt/ /x]
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Substitution of a variable by a test candidate in a constraint

Example:  (g(x) = 0)[ 1Yt/ /x]
Result:
Substitute x by %"ﬁ in g(x) =0 in the common way.

Transform the result to ‘A’%f‘/{ = 0 where §, 7, and § are polynomials
(always possible, proof exercise)

Compare:

Q>
+
~
S
o

>
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Substitution of a variable by a test candidate in a constraint

Example:  (g(x) = 0)[ 1Yt/ /x]
Result:
Substitute x by %"ﬁ in g(x) =0 in the common way.

Transform the result to ‘A’%f‘/{ = 0 where §, 7, and § are polynomials
(always possible, proof exercise)

Compare:

Q>
+
~
S
o

& G+A/E=0

>
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Substitution of a variable by a test candidate in a constraint

Example:  (g(x) = 0)[ 1Yt/ /x]

Result:
Substitute x by %"ﬁ in g(x) =0 in the common way.

Transform the result to ‘A’%f‘/{ = 0 where §, 7, and § are polynomials
(always possible, proof exercise)

Compare:
& §+7V/E=0

WS 19/20 11 / 17
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Substitution of a variable by a test candidate in a constraint

Example:  (g(x) = 0)[<F2YE//x]

Result:
Substitute x by %"ﬁ in g(x) =0 in the common way.

Transform the result to %fﬁ = 0 where §, 7, and $ are polynomials

(always possible, proof exercise)

B Compare:
6+§ﬁ:0 & §G+A/t=0
& ar<0 A Al = AVEl & GP<0AG - P2t=0

WS 19/20 11 / 17

Satisfiability Checking — Prof. Dr. Erika Abraham (RWTH Aachen University)



Substitution of a variable by a test candidate in a constraint

Example:  (g(x) < 0)[e +¢//x]
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Substitution of a variable by a test candidate in a constraint

Example:  (g(x) < 0)[e +¢//x]

Result:
gle//x] <O0vgle/x] =0ng'[e//x] <OVgle//x] =0Ag'[e//x] =0 g"[¢//x] <O
Case 1 Case 2 Case 3
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Substitution of a variable by a test candidate in a constraint

Example:  (g(x) < 0)[e +¢//x]

Result:
gle//xX] <0vgle//x]=0Ag'[e/x] <OVgle//x]=0Ag'[e/)x] =0Ag"[e/x] <O
Case 1 Case 2 Case 3
Explanation:
g(x) x) g(x)
f v X N X J/z\ X
Case 1 Case 2 Case 3
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Virtual substitution: Example

IxJy. ((xy—1=0 V y—x>0) A y>2-1<0)

Eliminate y: 1. Test candidate: —oo
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Virtual substitution: Example

IxJy. ((xy—1=0 V y—x>0) A y>—-1<0)
Eliminate y: 1. Test candidate: —oo
x(  ( (y—1=0)[-0//y]

V (y —x > 0)[-00//y]

A (y*> —1<0)[-o0//y]
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Virtual substitution: Example

IxJy. ((xy—1=0 V y—x>0) A y>2-1<0)

Eliminate y: 1. Test candidate: —oo

I ( (y=1=0)-00//y]
V (y —x = 0)[-00//y]

A (y* =1 <0)[~00//y]
< Ix.( ( (x=0A —1=0)
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Virtual substitution: Example

IxJy. ((xy—1=0 V y—x>0) A y>2-1<0)

Eliminate y: 1. Test candidate: —oo

I ( (y=1=0)-00//y]
V (y —x = 0)[-00//y]

A (y* =1 <0)[~00//y]
< Ix.( ( (x=0A —1=0)

V(I<0V (1=0A —x2>0))
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Virtual substitution: Example

IxJy. ((xy—1=0 V y—x>0) A y>2-1<0)

Eliminate y: 1. Test candidate: —oo

I ( (y=1=0)-00//y]
V (y —x = 0)[-00//y]

A (y* =1 <0)[~00//y]
< Ix.( ( (x=0A —1=0)

V(I<0V (1=0A —x2>0))

A (1<0V (1=0A0>0)V (1=0A0=0A —1<0))
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Virtual substitution: Example

IxJy. ((xy—1=0 V y—x>0) A y>2-1<0)

Eliminate y: 1. Test candidate: —oo

I ( (y=1=0)-00//y]
V (y —x = 0)[-00//y]

A (y* =1 <0)[~00//y]
< Ix.( ( (x=0A —1=0)

V(I<0V (1=0A —x2>0))

A (1<0V (1=0A0>0)V (1=0A0=0A —1<0))
< Ix.(false)
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Virtual substitution: Example

Ix3dy. ((xy —1=0 V y—x>0) A y>2—-1<0)
Eliminate y: 2. Test candidate: % if x#0
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Virtual substitution: Example

Ix3dy. ((xy —1=0 V y—x>0) A y>2—-1<0)
Eliminate y: 2. Test candidate: % if x#0

I (xy—1=0)[%//y]

Vo (y=x>0)L//y] )
A (Y2 —1<0)[L//y]
A x #0 )
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Virtual substitution: Example

Ix3dy. ((xy —1=0 V y—x>0) A y>2—-1<0)
Eliminate y: 2. Test candidate: % if x#0

I (xy—1=0)[%//y]

Vo (y=x>0)L//y] )
A (Y2 —1<0)[L//y]
A x #0 )

Ix( ( (0=0)
V(x>0A1-x2>0)V (x<0 A 1-x2<0)) )
A (1>0A1-x2<0)V (1<0 A 1-x>>0))
A x#0 )
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Virtual substitution: Example

Ix3dy. ((xy —1=0 V y—x>0) A y>2—-1<0)
Eliminate y: 2. Test candidate: % if x#0

I (xy—1=0)[%//y]

Vo (y=x>0)L//y] )
A (Y2 —1<0)[L//y]
A x #0 )

Ix( ( (0=0)
V(x>0A1-x2>0)V (x<0 A 1-x2<0)) )

A (1>0A1-x2<0)V (1<0 A 1-x2>0))

A x#0 )
3x.( true

A 1-x2<0

A x#0 )
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Virtual substitution: Example

Ix. ((x >0A1=x2>0)V(x<0ALl-x2<0)Al-x2<0AXx#0)
Eliminate x:

1. Test candidate: —oo

(x > 0)[—00//x]
= (1<0V (1=0 A 0>0))

= False
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Virtual substitution: Example

Ix. (((False Al—x2>0)V(x <0ALl—-x2<0)Al—x2<0Ax#0)
Eliminate x:

1. Test candidate: —oo

(x < 0)[-oc//x]
= (1>0V (1=0A 0<0))

= True
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Virtual substitution: Example

Ix. (((False Al—x%2>0)V (TrueAl —x? <0))ALl—x%><0Ax#0)
Eliminate x:

1. Test candidate: —oo

(1—x*<0)[~00//x]
= (-1<0V (-1=0A1>0) V (-1=0A1=0 A 0<0))

= True
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Virtual substitution: Example

Ix. (((False A1 — x? > 0) V (True A True)) A1 — x> < 0 A x #0)

Eliminate x:

1. Test candidate: —oo

(1—x2 <0)[-00//x]
= (-1<0V (-1=0A0>0)V (-1=0A0=0 A 1<0))

= True
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Virtual substitution: Example

Ix. (((False A 1 — x2 > 0) V (True A True)) A True A x # 0)

Eliminate x:

1. Test candidate: —oo

(x # 0)[—00//x]
(1#£0 VvV 0#£0)

= True
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Virtual substitution: Example

3x. (((False A 1 — x2 > 0) V (True A True)) A True A True)

Eliminate x:

1. Test candidate: —oo

(x # 0)[—00//x]
(1#£0 VvV 0#£0)

= True
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Complexity

We consider in the following the elimination of one existential quantifier
(existentially quantified variable):

.. 3 ¢ = Ixg... . 3x1 \/ o't/ /xn)-
teT
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Complexity

We consider in the following the elimination of one existential quantifier
(existentially quantified variable):

.. 3 ¢ = Ixg... . 3x1 \/ o't/ /xn)-
teT

m Degree of a remaining variable x;, 1 < i < n, in ¢/, i.e. D(x;, ¢'):

D(xi, \/ ¢[t//xal) € O(6D(x:, ¢) —8)

teT
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Complexity

We consider in the following the elimination of one existential quantifier
(existentially quantified variable):

.. 3 ¢ = Ixg... . 3x1 \/ o't/ /xn)-
teT

m Degree of a remaining variable x;, 1 < i < n, in ¢/, i.e. D(x;, ¢'):

D(xi, \/ ¢[t//xal) € O(6D(x:, ¢) —8)

teT

m Number of atoms in ¢/, i.e. at(¢’):

at(\/ 't/ /xa]) € O(8at(¢) + at(y')(8 + 63at(")))
teT
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