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Virtual substitution

Is an existential quantifier elimination procedure:

∃x1. . . .∃xn.ϕ′ → ∃x1. . . .∃xn−1.ψ′,

where ϕ′, ψ′ quantifier free and ∃x1. . . .∃xn.ϕ′ ≡ ∃x1. . . .∃xn−1.ψ′.

Restricted in the degree of the variable to eliminate:

p(x) ∼ 0 constraint of ϕ ⇒ degree of x in p(x) must be ≤ 2.

Virtual substitution
Virtual substitution constructs a finite set T ⊂ R of test candidates with

∃x1. . . .∃xn. ϕ′ ≡ ∃x1. . . .∃xn−1.
∨
t∈T

ϕ′[t//x ].
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Construction of the set of test candidates T

g(x) := ax2 + bx + c

x

g(x)
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Construction of the set of test candidates T

Given: A constraint p ∼ 0 , p = ax2 + bx + c, ∼∈ {=, <,>,≤,≥, 6=}.

Goal: Find out whether there is a satisfying solution (and return a solution or an
explanation for unsatisfiability)

If p is constant (a = b = 0) or if it has no zeros at all then p is sign-invariant over its
whole domain, thus testing an arbitrary point is sufficient.
Otherwise, the finite endpoints of p’s sign-invariant regions are the zeros of p:

Linear in x : x0 = − c
b

, if a = 0 ∧ b 6= 0

Quadratic in x , first solution: x1 =
−b+
√

b2−4ac
2a , if a 6= 0 ∧ b2 − 4ac ≥ 0

Quadratic in x , second solution: x2 =
−b−
√

b2−4ac
2a , if a 6= 0 ∧ b2 − 4ac > 0

Possible solution intervals for x in p ∼ 0:

constraints possible solution intervals (0 ≤ i , j ≤ 2, i 6= j)
p = 0

[xi , xi ] (−∞, ∞)

p < 0 p > 0 p 6= 0

(−∞, xi ) (xi , xj) (xi , ∞) (−∞, ∞)

p ≤ 0 p ≥ 0

(−∞, xi ] [xi , xi ] [xi , xj ] [xi , ∞) (−∞, ∞)
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Construction of the set of test candidates T

Assume now a set of polynomial QFNRA constraints.
Q: What are possible common solution intervals?

A: The pairwise intersections of their individual solution intervals.
The finite endpoints of intersections are finite endpoints of the
intersected intervals.
We do not know the concrete endpoints of the intersections (because
they are in general symbolic), but we can represent each candidate
solution interval by its left-most point.

For each constraint p ∼ 0 we add the following test candidates:

p = 0, p ≤ 0, p ≥ 0: 1. Zeros of the polynomial p
2. −∞ (a “sufficiently small” value)

p < 0, p > 0, p 6= 0: 1. Zeros of the polynomial p plus an infinitesimal ε
2. −∞

Example: xy + 1 < 0 → 1. − 1
y + ε if y 6= 0 2. −∞
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Construction of the set of test candidates T
Example: ϕ := y · x2 + z · x ≥ 0

The possible solution intervals for x are:

Case Solution interval Side condition
Constant (−∞, ∞) y = z = 0
Linear (−∞, 0] or [0, ∞) y = 0 ∧ z 6= 0
Quadratic (−∞, 0] or [0, ∞) y 6= 0 ∧ z2 ≥ 0
Quadratic (−∞, − z

y
] or [− z

y
, ∞) y 6= 0 ∧ z2 > 0

The test candidates are:

Test candidate Side condition
−∞ none
0 y = 0 ∧ z 6= 0
0 y 6= 0 ∧ z2 ≥ 0
− z

y
y 6= 0 ∧ z2 > 0

∃x .ϕ ↔ ϕ[−∞//x ] ∨
(ϕ[0//x ] ∧(y = 0 ∧ z 6= 0)) ∨
(ϕ[0//x ] ∧(y 6= 0 ∧ z2 ≥ 0)) ∨
(ϕ[− z

y
//x ] ∧(y 6= 0 ∧ z2 > 0))
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Virtual substitution: Example

ϕ := (( xy − 1 = 0 ∨ y − x ≥ 0 ) ∧ y2 − 1 < 0 )

Eliminate y : Test candidates:

1. −∞ (from all constraints)
2. 1

x if x 6= 0 (from xy − 1 = 0)
3. x (from y − x = 0)
4. 1+ ε (from y2 − 1 < 0)
5. −1+ ε (from y2 − 1 < 0)

∃x .∃y .ϕ ↔ ∃x . (ϕ[−∞//y ]) ∨
(ϕ[ 1x //y ] ∧x 6= 0) ∨
(ϕ[x//y ]) ∨
(ϕ[1+ ε//y ]) ∨
(ϕ[−1+ ε//y ])
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Substituting test candidates T

Example: ∃y .∃x . (y = 0 ∨ y2 + 1 < 0) ∧ x − 3 ≤ 0 ∧ xy + 1 < 0

eliminate x≡
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Substitution of a variable by a test candidate in a constraint

Standard substitution → expressions with ε, ∞, √ or division.

Virtual substitution defines rules, which give an equivalent FO
sentence over (R,+, ·, 0, 1, <) to the expression resulting by the above
standard substitution.

The substitution rules distinguish between
the constraint’s relation symbol
the test candidate’s type (−∞, +ε, contains √)
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Substitution of a variable by a test candidate in a constraint

Example: (g(x) = 0)[q+r
√
t

s //x ]

Result:
1 Substitute x by q+r

√
t

s in g(x) = 0 in the common way.

2 Transform the result to q̂+r̂
√
t

ŝ = 0 where q̂, r̂ , and ŝ are polynomials
(always possible, proof exercise)

3 Compare:

q̂+r̂
√
t

ŝ = 0 ⇔ q̂ + r̂
√
t = 0

⇔ q̂r̂ ≤ 0 ∧ ‖q̂‖ = ‖r̂
√
t‖ ⇔ q̂r̂ ≤ 0 ∧ q̂2 − r̂2t = 0
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Substitution of a variable by a test candidate in a constraint

Example: (g(x) < 0)[e + ε//x ]

Result:

g [e//x ] < 0︸ ︷︷ ︸
Case 1

∨ g [e//x ] = 0 ∧ g ′[e//x ] < 0︸ ︷︷ ︸
Case 2

∨ g [e//x ] = 0 ∧ g ′[e//x ] = 0 ∧ g ′′[e//x ] < 0︸ ︷︷ ︸
Case 3

Explanation:

x

g(x)

(
e

Case 1

x

g(x)

(
e

Case 2

x

g(x)

(
e

Case 3
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Virtual substitution: Example

∃x .∃y . (( xy − 1 = 0 ∨ y − x ≥ 0 ) ∧ y2 − 1 < 0 )

Eliminate y : 1. Test candidate: −∞

∃x .( ( (xy − 1 = 0)[−∞//y ]

∨ (y − x ≥ 0)[−∞//y ] )

∧ (y2 − 1 < 0)[−∞//y ] )

⇔ ∃x .( ( (x = 0 ∧ − 1 = 0)

∨ (1 < 0 ∨ (1 = 0 ∧ − x ≥ 0)) )

∧ (1 < 0 ∨ (1 = 0 ∧ 0 > 0) ∨ (1 = 0 ∧ 0 = 0 ∧ − 1 < 0)) )
⇔ ∃x .(false)
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Virtual substitution: Example

∃x .∃y . (( xy − 1 = 0 ∨ y − x ≥ 0 ) ∧ y2 − 1 < 0 )

Eliminate y : 2. Test candidate: 1
x , if x 6= 0

∃x .( ( (xy − 1 = 0)[ 1x //y ]
∨ (y − x ≥ 0)[ 1x //y ] )

∧ (y2 − 1 < 0)[ 1x //y ]
∧ x 6= 0 )

∃x .( ( (0 = 0)
∨ ((x > 0 ∧ 1− x2 ≥ 0) ∨ (x < 0 ∧ 1− x2 ≤ 0)) )

∧ ((1 > 0 ∧ 1− x2 < 0) ∨ (1 < 0 ∧ 1− x2 > 0))
∧ x 6= 0 )

∃x .( true
∧ 1− x2 < 0
∧ x 6= 0 )
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Virtual substitution: Example

∃x . (((x > 0 ∧ 1− x2 ≥ 0) ∨ (x < 0 ∧ 1− x2 ≤ 0)) ∧ 1− x2 < 0 ∧ x 6= 0)

Eliminate x :

1. Test candidate: −∞

(x > 0)[−∞//x ]

= (1 < 0 ∨ (1 = 0 ∧ 0 > 0))

= False
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Virtual substitution: Example
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Virtual substitution: Example

∃x . (((False ∧ 1− x2 ≥ 0) ∨ (True ∧ 1− x2 ≤ 0)) ∧ 1− x2 < 0 ∧ x 6= 0)

Eliminate x :

1. Test candidate: −∞

(1− x2 ≤ 0)[−∞//x ]
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Virtual substitution: Example
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Virtual substitution: Example

∃x . (((False ∧ 1− x2 ≥ 0) ∨ (True ∧ True)) ∧ True ∧ x 6= 0)

Eliminate x :

1. Test candidate: −∞
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= (1 6= 0 ∨ 0 6= 0)

= True
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Virtual substitution: Example

∃x . (((False ∧ 1− x2 ≥ 0) ∨ (True ∧ True)) ∧ True ∧ True)

Eliminate x :

1. Test candidate: −∞

(x 6= 0)[−∞//x ]

= (1 6= 0 ∨ 0 6= 0)

= True
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Complexity

We consider in the following the elimination of one existential quantifier
(existentially quantified variable):

∃x1. . . .∃xn. ϕ′ ≡ ∃x1. . . .∃xn−1.
∨
t∈T

ϕ′[t//xn].

Degree of a remaining variable xi , 1 ≤ i < n, in ϕ′, i.e. D(xi , ϕ
′):

D(xi ,
∨
t∈T

ϕ′[t//xn]) ∈ O(6D(xi , ϕ
′)− 8)

Number of atoms in ϕ′, i.e. at(ϕ′):

at(
∨
t∈T

ϕ′[t//xn]) ∈ O(8at(ϕ′) + at(ϕ′)(8+ 63at(ϕ′)))

Satisfiability Checking — Prof. Dr. Erika Ábrahám (RWTH Aachen University) WS 19/20 16 / 17



Complexity

We consider in the following the elimination of one existential quantifier
(existentially quantified variable):

∃x1. . . .∃xn. ϕ′ ≡ ∃x1. . . .∃xn−1.
∨
t∈T

ϕ′[t//xn].

Degree of a remaining variable xi , 1 ≤ i < n, in ϕ′, i.e. D(xi , ϕ
′):

D(xi ,
∨
t∈T

ϕ′[t//xn]) ∈ O(6D(xi , ϕ
′)− 8)

Number of atoms in ϕ′, i.e. at(ϕ′):

at(
∨
t∈T

ϕ′[t//xn]) ∈ O(8at(ϕ′) + at(ϕ′)(8+ 63at(ϕ′)))

Satisfiability Checking — Prof. Dr. Erika Ábrahám (RWTH Aachen University) WS 19/20 16 / 17



Complexity

We consider in the following the elimination of one existential quantifier
(existentially quantified variable):

∃x1. . . .∃xn. ϕ′ ≡ ∃x1. . . .∃xn−1.
∨
t∈T

ϕ′[t//xn].

Degree of a remaining variable xi , 1 ≤ i < n, in ϕ′, i.e. D(xi , ϕ
′):

D(xi ,
∨
t∈T

ϕ′[t//xn]) ∈ O(6D(xi , ϕ
′)− 8)

Number of atoms in ϕ′, i.e. at(ϕ′):

at(
∨
t∈T

ϕ′[t//xn]) ∈ O(8at(ϕ′) + at(ϕ′)(8+ 63at(ϕ′)))

Satisfiability Checking — Prof. Dr. Erika Ábrahám (RWTH Aachen University) WS 19/20 16 / 17



References

S. Feferman. Tarski’s influence on computer science. Logical Methods
in Computer Science, 2006.

A. Dolzmann, T. Sturm, V. Weispfenning. Real Quantifier Elimination
in Practice. 1997.

Alfred Tarski. A Decision Method for Elementary Algebra and
Geometry. University of California Press, 1948.

Christopher W. Brown and James H. Davenport. The complexity of
quantifier elimination and cylindrical algebraic decomposition. In
Dongming Wang, editor, ISSAC, pages 54–60. ACM, 2007.

M. O. Rabin. A simple method for undecidability proofs and some
applications. Logic, Methodology and Philosophy of Science II, 1965.

Satisfiability Checking — Prof. Dr. Erika Ábrahám (RWTH Aachen University) WS 19/20 17 / 17


